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Abstract—Let us assume that two elastic solids M and N are topologically equivalent (homeo-
morphic) and S, is a solution of some boundary problem for the solid M. Taking into account
these facts we want to know when it is possible to build a solution S, for N. There is no simple
answer because it is necessary to take into account the metric properties of M and N. We want to
modify (if it is required) the equations of the theory of elasticity and to assign the conformal weights
to the field values so that the equations should be unchanged after the conformal change of metric.
In other words, we work not with some appointed metric, but with the classes of metrics: any two
metrics from the class are conformly equivalent. © 1997 Elsevier Science Ltd.

1. INTRODUCTION

Consider two elastic solids M and N. Let us assume that they are topologically equivalent
(homeomorphic). Let S, be a solution of some boundary problem for the solid M. Taking
into account these facts we want to know when it is possible to build a solution S, for N.
We have not a simple answer because it is necessary to take into account the metric
properties of M and N.

Formally, we consider the elastic solids M and N in the stressed state. Assume that
they are Riemannian manifolds: g and 4 are the metrics on M and N, respectively. Suppose
there is a diffeomorphism ¢ : (N, dN) = (M, dM) ; 0—the designation of the border. M and
N are not supposed to be isometric, therefore, in the general case s # @*g, where ¢* is the
standard operation of the tensor’s transfer under the diffeomorphism (the tensor @*g is the
so-called “puliback” tensor [see, e.g., Dubrovin et al. (1986)]). For example, consider the
statically determined problem for M without body forces (we use the classical linear model
of the elasticity) :

D=0, olpyy=P (1)

where P is the vector of external forces, o is the vector-valued 2-form (in the language of
exterior forms). The form ¢ can be written as:

6 = (6%, dx™ A dX7) 8/0X' )

where (x', x?, x°) are some coordinates on M, &, is the Levi-Civita tensor : + (det(g))"* or
0; det(g) is the determinant of the metric g; o is the Cauchy tensor of stresses. D, is the
exterior differentiation corresponding to the metric g:

D,o =(V,o%(det (g))"* dx' A dx* A dx’)d/ox'.

If o is the solution for eqn (1), then the 2-form ¢*o is consistently determined on N. But
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generally speaking, the relation
D,p*¢ =0 3

is not correct because Dy, # D,,. The adequate situation also occurs in the other problems
of the elasticity theory: we can not apply ¢ to transfer the solutions from M to N.

Suppose there is a diffeomorphism under which g and 4 are conformly equivalent, i.e.,
h = Fp*g, A—some function, 4 # 0. For example, consider a sphere without the northern
pole and a plane, then ¢ is the stereographic projection. Moreover, if M and N are two-
dimensional then ¢ always exists locally (the theorem on the isothermic coordinates). In
the two-dimensional case we have ¢*g = A%g, where ¢ is any (bi)holomorphic function. In
three dimensions, ¢ is motion, stretch, inversion and their composition. These trans-
formations generate the group which is isomorphic to the group 0(4, 1), the global con-
formal group of sphere is SL(2, C) [see Dubrovin et al. (1986)].

We want to know when D,p*c = 0if D ¢ = 0. The answer appears to be complex : ¢*
should be the conformal density of weight (—rn—2) and the trace of tensor of stresses
should be zero:

Voo = AN(V,6° +7.0“(N+n+2) — 94,6 4)

where ¢’ = Vg%, y, = A7'V i; V,, V, are the covariant derivatives corresponding to #
and g, respectively; n is the dimension of M [see Penrose and Rindler (1984) or Birrell and
Davies (1982) for the notation].

For example, it is well known (the isotropic case) : if the plane strain occurs without
change of volume then the tensor of stresses is traceless [see, e.g., Hahn (1985)]. Also it is
known that in problems of torsion the trace of the tensor of stresses equals zero. Conse-
quently, the equations of equilibrium are conformly invariant (c.i.): V,6'** = A*V,0*. And
¢@* ¢ is the solution for (3).

Note that the classical Kilosov-Mushelishvilli’s method (which uses the complex
function of stresses and the conformal transformations) can not be applied to the two-
dimensional case because the biharmonic operator is not c.i. (see below, Section 4).

Using the above arguments we wish to construct the conformly invariant theory of
elasticity. We want to modify (if it is required) the equations of the theory of elasticity and
to assign conformal weights to the field values so the equations should be unchanged after
the conformal change of the metric. In other words, we work not with some appointed
metric, but with the classes of metrics: any two metrics from the class are conformly
equivalent. For the 2-surface these classes (the conformal structures) are numbered by
means of a Teichmiiller space and a moduh space. The moduli space is a factor-space of
the Teichmiiller space after action of the modular group SL(2, Z) [see, ¢.g., Besse (1987)].
In particular, if the surface is homeomorphic to the standard sphere S° then all metric
structures are conformly equivalent and the moduli space is trivial (the so-called “Riemann
theorem”: if N is diffeomorphic to S* (= M), then 4 and g are conformly equivalent). So,
let us suppose that the surface M is an elastic solid, M is homeomorphic to the sphere and
the tensor of stresses has the trace which is equal to zero. Then the elastic effects will be
described identically (within conformal corrections) for any homeomorphic surface N.

In the general case, for a Riemannian surface of genus & = 0 (a sphere), we have not
an obvious formula for the conformal diffeomorphism between M and N. Moreover, for a
surface of genus k > 0 (a sphere with & handles), the moduli space is non-trivial (there are
“many’’ conformly non-equivalent metric structures). Generally speaking, the conformal
structures of Riemannian surface of genus k > 2 are described by moduli. The quantity of
moduli equals 3k — 3. For example, if the surface M is a torus, then the Teichmiiller space
is the upper (open) half-plane (on the complex plane) and the quantity of moduli (the
quantity of conformly invariant complex parameters) equals unity. However there is an
extensive class of two-surfaces, so-called minimal surfaces. For these surfaces all
calculations can be done.
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The traceless tensor of stresses is the limitation for the applications of the conformly
invariant theory of elasticity. However if the tensor of stresses is a function of some
parameter t: ¢(¢), then there always exists the value ¢ = ¢, under which trace (a(#,)) = 0.
Indeed (Poincaré¢ idea), consider the infinite dimensional space of the tensors of stresses T
in “general position™ (see Arnold (1978) for discussion). The set IT = {a*|trace(c™) = 0}
is “the surface” in Z, i.e., II has a codimensional unity. Since ¢(¢) is “the curve” in £ and
a(?) is transversal to I, it follows that &(¢) crosses the surface I1.

2. BASIC EQUATIONS OF THE LINEAR THEORY OF ELASTICITY

Consider the basic relationships for M and N (without body forces and thermodynamic
effects) :

Do=0, D' =0 ®)]

2eq = Gu—Gik» 2€4 = ha—hi (6)
= g%mme, . o' = A*mer (N
w=0, Ry = ®)

Ry =0, R;=0 ®

where gj, hj are the metrics on M and N before deformation ; g;, hy are the metrics after
deformation; Rj, R, Ry, R, are the Ricci tensors for these metrics, respectively. The
metrics ¢ and h are conformly equivalent : s, = A*(p*g), for some diffeomorphism ¢. We
want to know when eqns (5)—(9) are c.i.

2.1. The equations of equilibrium
The equations of equilibrium (5) are conformly invariant if the trace of the tensor of
stresses equals zero and ¢* is the conformal density of weight (—n—2) (see eqn (4)):

Vig'® =V,6 4+ A%6" + Aoy’ = 12(V,6° + 07,6 47,0 +ny,o™ +

146 +7,6" — 700 7 91,6*") = A2(V,06” +7,6°(Q+n+2) =Y’ gi,0)  (10)
where
e = Ay = 7,0+ 70— g .

2.2. Hooke law

If the equations of equilibrium are conformly invariant, then the sum of weights 4"*™
and e,,, equals (—n—2). Let A% be the conformal density of the weight Q : 4™ = 124%™
then, from egns (5)—(7) :

A*mna0h _fo ) = AR D (g go ). (11)

For the ease of notation it is admitted: T = ¢*T, where T is a tensor. From eqns (6) and
(11) we obtain under Q = —(n+4):

e;k = ;.2€jk. (12)
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Under@ = —(n+2):

e = ey. (13)

In particular, if M is isotropic then in coordinates on N:

A,‘jkn — ngjgkn+v(gikgjn +gmg1k) (14)
AT = A7 (uh R (BT + KT RY)),  under Q@ = —(n+4) (13)
A = 0D (S Ly (R4 4 HmRY), under Q = — (n42) (16)

where p, v are the Lame’s coefficients.

2.3. Ricci tensor

If the metric 4 is not flat then the equations of compatibility of strains (8)—(9) are not
c.i. It follows from the law of transformation of Ricci curvature under the conformal change
of the metric [see Penrose and Rindler (1984) ; Birrell and Davies (1982) ; Besse (1987)] :

H*Riy = R} = A2 [R— (n—=2)(y"y,— V'p)) + 8((n—2)y*y + VAl amn
The scalar curvature transforms as:
R = A7 [R+Yy(n(n —2) —(n—2)) + V¥, (2n—2)] (18)

ie., R # 0, R" # 0 (in the general case). We interpret “the superfluous terms” into (17) as
the tensor of incompatibility of strains B, which describes the distribution of discontinuities
in a continuous media [see Kroéner (1958), Kroner (1961)]. Under n =3 we have:
B! = h* By, = A7 2[y'y;— V'3, + 8:(* . + V*y)], under n = 2 the Ricci tensor is defined by its
trace, therefore we may use the function: B = A7?V*V,In 4. So, if we have a solution of the
problem for M: D,6 =0, 6% = A*™¢,,, 2€,, =(Gmn—9Gmm)s Ry =0; ggzo™ = 0 then on N
we obtain automatically: Do’ =0, ¢'* = A"*™¢,,, 2e), = (hp—hom), R;; = B,. Where
B = 223G, AP = 124%™ o! = jFe ¢* =" g% . Q= —(n+4) or Q = —(n+2),
P=2o0orP=0.

2.3.1. The continuum theory of defects. It is well known that in the Kréner theory:
VxexV=n (19)
where ¢ is the tensor of strains, n = (a x V)* is the tensor of incompatibility, (...)* is the
symmetrization, « is the density of dislocation. The formula (19) follows from the equation
Ry(T) =0, where R (') is the symmetrical part of the Ricci curvature of the non-
symmetrical connection I' (the connection with a torsion), i.e., in the common case

R, (") # R (T). We have the common formula for the connection I (g is some Riemannian
metric) [see Schrodinger (1950)]:

Ky 1 1 Ky s
" = {ik}_ Egﬂ ] Tk — nglgkmrz?l] +Iy = {ik}-'_gs,T”k +Iy = {ik}"'K[k’
where

1 1 s
G T = — Eg"g.-mfﬁin - 5g”gkml" th=9"Tw, Ky =9g"Tyu+T}y, where {ik}
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is the Christoffel connection,
5 1 5 5§
[ik) = 5 (Fik - ki)

is the skewsymmetric tensor. Note that the term g“T; is c.i. The Ricci curvature of the
connection I, can be written as:

Ry(M) = Ry ({ ) +V, K} — VK + K5, K, — K K7, (20)

Ry ({}) is the (symmetrical) Ricci tensor of the Christoffel connection, V, is the “ordinary”
covariant derivative corresponding to g,. If h; = A*g, and g, are flat metrics then:

(n—=) (v — Vi) +gul(n =2 (77, + V7)) +
+ (VoK — Vi Kis+ K, K — Ki, K7
== —Vrd +ga((n—2)7+ V) +
+ (VK5 — Vi K + K5, K5 — Ki K3 4 ALK — ALK — ALK+ ALK ) a =0 (21)
where V) is the covariant derivative corresponding to A;. The eqn (21) connects the

conformal anomalies and the torsion. The eqn (21) follows from (17) and (20) (undern = 2
we use the relation R,. = R/2g,.).

2.4, The displacement vector
It is known that in the classical linear theory R, = 0 and R, = 0, so

2ey = (Vay+Veu; +Vau, Vi) (in Lagrange coordinates) (22)
where u, is the displacement vector. In the case of small strains
2ey =(Vay +Viu). (23)
The eqns (22) and (23) are not c.i. In particular, for the case (23) we have:
e = A2 (ex+(Q —2)yit +(Q —2)ytts + 7" Gucttn)

where it is assumed that u; is the conformal density of weight Q.

Therefore the displacement vector (in contrast to the tensor of strains) is not conformal
density. Then, after the replacement g — # = A%g, we calculate by means of the Cesaro
formula :

u; = u°§+w°§kxk+j (e~ (View —Vieh)x) dx*
r

=u’ i+ o’ ?kxk + J‘ (e — (Vje;k —er}k)xj) dx* — J (Vie;'k - yje;k + thike}h - yhgjke;h)xj dx*
r r .
(24)

’

where e}, = A%, I"is a path, u!, w§, u®;, ®°} are the primary displacements. It is important
to understand that in eqn (24) 4 and 4° are flat metrics. If Q = 0 (see eqn (13)) then we
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have u; = u,+A, from eqn (24), where A, is “the anomalous displacements” :
u; = w4+ (1] — 1))+ (0° ) — )X _f Giew—veu +y'guen—y'gren) ¥ dx . (25)
T

2.4.1. The important note. Consider an alternative theory of strains. We define the
displacement covector as the conformal density of weight 0 (g, = J,) :

Bak dx* = D(uk) = (6auk—/\zku,,) dx®.

Then B, is a non-integrable distortion, i.e., B, dx® # dH,, where H, is some (covector-
valued) O-form. By analogy with the gauge theory of defects [see Cadic and Edelen (1983)]
we consider the tensor Af; as “the gauge field”. After the replacement g — 4 = °g we have:

e = ex =2+ Vit + V' ity
We define the tensor of the plastic strains as
ek = =20y +yat) + 7" Guctty.
Then, ¢ is the tensor of the general strains. We have :
nt = ™"V, V(= 2+ vi)) + 7' Gauy)
—the tensor of incompatibility ;
o = eV, (= 20y e+ i) + 7" Sjan)
—the density of dislocation.

2.5. The boundary conditions

The diffeomorphism transfers points, tangent vectors and covectors. Consequently we
may transfer the boundary conditions from M to N. After the conformal change of a metric
normal vectors are transformed to collinear vectors. Therefore, if the field values are the
conformal densities, then it’s simple to transfer the boundary conditions from M to N.

2.5.1. The case of external forces: a|;, = P (i.e., c"n, = P’). It is necessary to assign
the conformal weights to the normal covector n and the vector of external forces so that:
weight(o) + weight(n) = weight(P).

For example, in the important two-dimensional case, where the boundary of M is the
plane curve, we have

N |
X X
n=|—-—, 0 |>n=4"n
%] " |%]
(n is the vector), where (x', x?) are arbitrary conditions of M, x = dx/d¢, | x| = /gax'**, ¢

is a parameter on the curve ; consequently, weight (P) = (—4)—(—1) =(-3).

2.5.2. The case of the displacement (co)vector u.. We know that the displacement vector
is not the conformal density (see Section 2.4), therefore, in the common case, on N:
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uj|on # 225y ; however under Q = 0 (see eqn (25))
Uilon = wilaw +Ailon-

2.6. The notes

a) If o* = o*(e,,,) = A*™e,,,,+ B*""%,,e, + - (the non-linear theory), then we have::
weight (B*"P9) = weight(a™) — 2(weight(e,..)).

b) Let & and g be the flat metrics, then the equation for the Lame’s potential @:
V¥V, @ = 0 is c.i. This follows from the law of transformation of the harmonic operator.
The function ® has the conformal weight (2—n)/2:

oy L VA=2) N a2 e 1 (n—2)
(V Vu+4(n_1)R>(D = VVa+4(n_1)R D

¢) If we consider: o* = R*— Rg"* [see Pauli (1958)], n =2, then the equations of
equilibrium (without body forces) are satisfied and they are c.i. because g,6* = 0. But in
this case the conformal weight of the tensor of stresses equals zero (see the formula (4),
where the conformal weight equals ( —4)).

d) Considerthecase 0 = —(n+4)andn =2:R3; =0,R;,” =0, R, = 0, R} = 0. Then
we obtain from A}, = A’gj; : the equations (R = 0, R" = 0) and (ApInid = 0,A,In A = 0) are
equivalent ; where Ay, A, are the harmonic operators corresponding to g and gy, respec-
tively. If g5 = gu+efix = 8.+ &fix (the classical linear theory) then we have:

Apini=A In ),+s<6,-(%5’7)6, InA—8/"9;1n A)+o(8),

where ¢ — 0, f; is some metric, @ = f};+ /2.
e IfQO=—-—m+Dandrn=2(R; =0, R} =0, R; =0, Rj = 0) then we have

o = 2 Gmn+8(A = 1) f,n,  Where g = gix + efa.
f) We consider only two alternatives under a choice of weight Q (formulae (12), (13)).

3. TWO-DIMENSIONAL PROBLEM (THE ISOTROPIC AND ANISOTROPIC CASES)

3.1. The biharmonic operator
Consider how the biharmonic equation A%y = V*V,V°V 3 = 0 changes under the con-
formal change of the scale. Let ¢ have the conformal weight P:

A2 = VAV = 274 (PP{Q %y, +207" Vi + VIV, + OV, 19"y +
+2P{Q%*°,+ 209"V, + V?V,+ QVo3, 19V i +
+ P{Q%y,+20y°V, + VPV, + OV, } Voy 4 +
+ {01 +207'V, + OV, } VAV + A%,

where Q0 = P—2. Under P = 2 we obtain:

A = A7 VOV, {4y + 4 Vol + 2V, ) + AR (26)
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under P=0:

A%y = A7 {47, — 4"V, =2V, } VeV, + A% @7

Note that if g and 4 are flat metrics, then V,y* = 0 (see eqn (18)).

The conclusion: in the general case, the biharmonic operator is not c.i. under any
choice of weight.

Nevertheless, the Erie’s function (the function of stresses) F is harmonic. It follows
from the two-dimensional equations of equilibrium, from the equations of compatibility and
the formulas for the components of the stress tensor. We have (g = §; dx’'dx* = dx*+ dy?):

on the other hand (see eqn (10)) the trace of tensor of stresses is

CF, OF

0y? * ox? 0

o.:o.ll+o.22 —

Consequently, the equation A(c''+6%%) = 0 is trivial and F is harmonic (in the isotropic
case). Therefore the basic equation of the conformly invariant theory of elasticity (in the
plane problem) is the harmonic equation. The Erie’s function is the conformal density of
weight zero (see Section 2.6 (b)).

In the orthotropic case we have:

(in the general case) we obtain:

o'F &*'F  O'F

oy* Coaxt dyiox? B

It is easy to understand that Fis also harmonic. If we consider the general anisotropy, then
the function of stresses is also harmonic.
We introduce the function

) ) oF oY oOF ik g
O:d=F+¥, i=./—1, E:a—y’ @Z_a_x

(the Cauchy-Riemann conditions), i.e., F and W are conjugate. It is easy to show that (refer
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to [Hahn (1985)] for the notions) :

0°F i) e\ 0 o\ 0 o\ 1 -
i _ 27 Lr_L 5) = e | o — P= —|———| (P+D
a ay? (62 62‘) Fiz2) (02 62) Re (62 62) 2( )

Y G N ) W DO
=3l t5p )= 2 @O+T)

*F 1 —
0 = T2 = @O+YE)
0*F 1 —
12 __ 21 — _ R 7 _®(=
¢ =0 —0x5y 12((D (z2) —D"(2)).

By analogy with the first and the second Kilosov’s formulas we get :

0+, =0

Oy~ 0,y +2i0,, = —207(2).
In the isotropic case we have:

e te, =0

2 —
e, —e,,+2e, = — E A+n0'(2)

where E is the Young’s modulus, v is the Poisson’s coeflicient. The third Kolosov’s formula
is:

E

“(1—+—ij = -—6(2)

where D = u,+iu, is the complete displacement vector. If the vector of stresses p.+ip, is
given as the function on the outline s, then we may write the boundary conditions as:

()= — J( p,—ip,) ds-+const

or: ¥'(2) = g+ ig,, where g, and g, are some functions. The stream of forces between
points 4 and B can be written as:

B

(X+iY) 5 = J (px+ip) ds = —i[@(2)]4

A
The moment of stream of forces with respect to the beginning of coordinates:

M5 = [Re(22F (z, 2))I; = [Re(z®'(2))]5.
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If the displacement vector is given as D° = u? + i), then:

E N~
mD = —®'(3).

3.2. The theory of elasticity in a conformal gauge

Let (x,y) denote isotermic coordinates on the surface (N,A): h=ds* =
e*g = e(dx’+ dy*) = e?dzdz—*‘the conformal gauge” [see, e.g., Green et al. (1987)],
where z = x+iy. We define the standard basis (x, y) and (z, 2) :

o 0 _Yao 0N o _0 _1/0 .30
Tadex 'y, T2t
dz =dx+idy, dz=dx—idy

6_0. 8 8 [0 9

ox 8z oz ay \az ez

dx = S(dz+ d2), dy = = (dz—dz

x—-2( z+ dz), y_Zz'( z—d2).

For example, if in the coordinates (x' = x,x* = y) we have some symmetrical traceless
tensor T, dx'd¥, then in (z, z) coordinates, only T, , # 0and T__ #0:

T=Tedx'dx* =T, ,dzdz+T__dzdz+2T, dzdz =Q2T._+(T,, +T__))dxdx
+QT, —(T,,+T_ ) dydy+2i(T., —T__)dxdy,

but:
(4T+~+(T+++T——)’_(T+++T——)) = 4T+— = 4T—+ =0.

The metric i, = ¢*J, has components:

Moreover, A is the covariant constant tensor :
Vih, =V, h_ ,=V_h,_=V_h_,=0.
The equations of equilibrium are:

V,a'*T+V_o"" =0
V,6'""+V_o~~ =0.

Since only 6** # 0 and ¢~ ~ # 0, it follows that

Voot =(0,+20,9)0"" =0

V.o'=~ =(0_+20_¢p)o'~~ =0.
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If ¢’ = e *%0, i.e., 6 is the conformal density of weight (—4) (formula (10)), then:
V.,o'tt =e 23, 6"" =0
V.o " =e i 67 =0. (28)
Now we can obtain the relations between real and complex coordinates :

G1) =0y = _Uyy =(G+++a—-—)’

013 =0y =0y = i(a++ —0'7,).
From (28) we have that the component ¢~ ~ is a holomorphic function :

d_¢7" =0. (29)

Fromeqn (29) it follows that ¢~ ~ — Q under z — 0, but it is impossible if & is homeomorphic
to a sphere. If N is a Riemannian surface of the genus one then the component ¢~ ~ can be
only constant. In the general case, for a Riemannian surface of the genus k > 2 the space
of solutions for eqn (29) has the dimension (3k—3) (the number of zero modes). The
number (3k—3) is proportional to the Euler characteristic of Riemannian surface (the
surface of genus & has the Euler characteristic (2— 2k)). The relation between the topology
of surface and the zero modes is the consequence the index theorem [see, e.g., Green et al.
(1987)]. In our case the eiliptical operator is square of operator V (see a discussion in
{Green et al. (1987)]).
The equations of compatibility of strains in the conformal gauge we may write as:

0,0_¢=0.

3.3. The shell theory

We consider a non-trivial application of the conformly invariant theory of elasticity
to the shell theory. If the surface of a shell has global isotermic coordinates (u, v), then we
have a map from the domain U < R to the surface, where a point (», v) € U. Consequently,
the metric of the plane g = du’+ dv® and the metric of the surface & = eg = ¢*(du’ + dv?)
are conformly equivalent. If the shell is a minimal surface then we can write complete
formulae. We use a Weierstrass representation [see, e.g., Tuzilin and Fomenko (1991)]:
(U,w, 0), where U = R® is the path connected domain, @ is the holomorphic 1-form on U,
@ is the meromorphic function on U.

For example, consider the Weierstrass representation (U, fdw, §), where f is a hol-
omorphic function, @ = fdw, w = u+ v is the complex coordinate on U. Then the equations

x=c,+2 ReJl/Zf(l —0*)dw, y=c,+2Re Ji/Zf(l +6*)dw, z=c;+2Re Jﬂ)dw

describe in a Fuclidean space some minimal surface N, where (x, y,z) are the standard
coordinates. Consider the tensor of stresses on U':

where 63 =0, i = 1, 2,3. We suppose that d,6* = 0. Since > = ¢ = |f]*(1+|6]%)* we want
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to assign the conformal weights so that:
O.l 1 0.12
O_/x'k 22_40'”( = m_4(1+|0l2)_4< 21 ll>. (30)
g —0
Under Q = — (n+4) (see formula (12)):

e e
e) = Aley = m2(1+|9|2)2( " ’2) 31)

€21 €12

under Q = — (n+2) (see formula (13)) we have:

e = ey = <511 312>‘ (32)

€1 €27

It is easy to understand that by means of eqns (30)-(32) we “lift”” the solution from U to
the minimal surface N.

3.4. The plasticity theory

We analyse the conformal anomalies of the biharmonic operator in the context of the
plasticity theory. Consider the Prandle-Rice theory (Mises plasticity model) [see, e.g.,
Pluvinage (1989)]. Erie’s function is a solution for the equation:

A’F+ (the plasticity terms) = 0. The plasticity terms are:

w1 A2y o007 (BF VTR Ger ! (G°F LOF\ For! FF
" axt \ox* 24y° oyt \dy* 2ox? 0xdy 0xdy|’

where (x, y) are Euclidean coordinates, o is the yield limit: 6} = ¢2,+02,—0,,0,, + 302,
N is a coeflicient, « is the technical constant [see Pluvinage (1989) for the notation]. Let us
assume that

620.17\_/—1 —_620'17\,71 620.17\_’—1

axt | dxdy

=0’

ie.,ay”' = A(x**+1y") + B, where 4 and B are constants (for example: 4 = 1, B = 0). We
have:

2 _N—-1

1 2
(o a )y L AR+ ATF = 0. (33)
2 C9x?

Consider eqn (27): from A? F =0 we obtain {4y, —4y'V,— 2V, } AF+ A’F = 0
(P =0,F = F). If AF = const # 0 (the Poisson’s equation) and

ooyt

ox?

1
47— 2" = 507" +a” )™

then eqns (27) and (33) are identical. Since & = A’g = A*(dx*+ dy?), it follows that:

N2
4((81“)2 + (aln ”) )-2A1n,1 =((®+y)+a)7 34
ox dy

Note that 2AIn A = 22R’, where R’ is the scalar curvature of the metric 4. Consider the case
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A= A(r), where r = \/x*+y*. We obtain from egn (34) :

’

In" A

where the stroke denotes differentiation.
Suppose that R’ is constant, i.e., a Gauss curvature K = —2R" = —1, 0 or 1, respec-
tively. It is known [see Dubrovin et /. (1986)] that 4 can be written locally as:

2

h= 125 = o
(b+cr?)?

(dx*+ dy?), a,b,c

are the constants, ie., R = —8ch/a’>. Substituting A into eqn (35), we have:
(162 + 8cb)(r* +a~") = (b+cr*)?. Therefore, ¢ = b = 0 and 4 is singular.

The conclusion: if the scalar curvature of the metric A is not a constant then the
conformal anomaly of the biharmonic operator describes the plasticity effects.

4. EXAMPLES

4.1. Lame’s problem
We consider an axially symmetric tension for an infinite domain U with the circular
opening (the particular case of Lame’s problem), g = dx*+ dy* The boundary conditions

are: g, = —p,underr = a, g,, = O under r = o, where o,,, 0,,, are the physical components
of the tensor of stresses in polar coordinates: ¢'' = g,,, 6 = 7,,+/~°. We have [see Hahn
(1985)]:0,, = —pJar~")% g,, = par~")*. The trace tensor of stresses equals zero, therefore

the equations of equilibrium are c.i.: Vio'* = V/(A~*0*) = A7*V,6*. Since h = f*g = i%g,
where fis some (bi)holomorphic transformation, it follows that the tensor ¢'* = 17%(f*o)*
satisfies the equations of equilibrium for any domain V: U = f(V). If we use the complex
notations then: f: wioz = f{(w), where z = x+iy, w = u+iv, A~* = | dz/dw/|*. For example
consider the inversion (i.e., Vis a disk): f: wrz = 1/w, where z = re’®, w = pe”, 1> = p*,
lal = 1,h = d?+dv? = dp*+p*d6*. Wehave: 6’V = —pp~ 2, 6@ =p,p~*;0,, = —pp 7,
Ggo = P.p 2, .., the solution has a singularity. It can be shown that: under Q = —(n+4)
A = o= (uhVRE 4 v(R*H" + k" ¥)) (V is the heterogeneous disk) and under @ = — (n+2)
A7 — yhYpe 4y (B R 4+ h™R*) (V is the isotropic disk).
4.2. Plane and cylinder

Let M = R*— {0} be the plane without the beginning of coordinates, g = 4. If we
consider the polar coordinates (r, ) then N = R*—{0} is a cylinder with the metric

h = 6/r* = dr*/r*+ d¢’. Consider the solution of Lame’s problem from Section 4.1

o'l = —p.a*r?, ¢* =pairt.

After the transfer we obtain for the cylinder (A* = r?):

/11 2.2 22 __ 2.
o'l = —par, o =pa;

the physical components are:

o 2 s . 2
g, = —p,a, [P = Pp.a.

4.3, Ellipsoid
Consider an ellipsoid x*/a*+ y*/a*+z* = 1, where (x, y, z) are Cartesian coordinates,
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a 2 1. After the stereographic projection we have:

2a’u 2a%y 2a?

=, Y=g, I=l-———
W v +4a° w4+l +a? W+t +a°

where (u,v) are the coordinates of the XOY-plane (the “equatorial” plane). In the polar
coordinates (r = ./u* +v?, @ = arctg(u/v)) the metric of ellipsoid can be written as:

4 [ (47(1—a")
= +1])dr*+rd 2).
I (r2+a2)2<<(r2+a2)2 ) ¢

We wish to find a transformation 7 = #(r); @ = ¢ such that g = A%(7, ) (dP+#~dp?). It
can be shown that

F=

r 2 ,2y2 2
exp(f SO =y ray dy)’

4] y(y2+a2)

where r, is a constant. Finally, we obtain :
-Gl )
(? +a*)’\ (P +a*)? dr) -
4.4. Enepper surface

We consider the Weierstrass representation (C,dw,w), where w=dw, 0 =w,
w = u+iv, C is a complex plane. The equations:

3 3

x=pcos<p—%—cos3cp, y=—psingo—%sin3go, z=p*cos2ep

describe the Enepper surface [see Tuzilin and Fomenko (1991)], where (p, @) are polar
coordinates of the w-plane. Consider (on C) the field of stresses:

ik A B
g =
B —4

where A4, B are constants, 0¥/ =0, = 1,2,3.
Thus the equations of equilibrium are true. If the w-plane is the isotropic solid then:

i Lgen(t B
e =— v ,
E B —4

where E is the Young’s modulus, v is the Poisson’s coefficient. In the orthotropic case we
have:

1 1 1 1
e'' = —(+wv)s" =E(1+V21)A,522 =E‘(1+V12)522 = —E—z(l“'Vlz)A;
1 1 2

1 1 1 1
e’ = —(vi3+vy)e? = ‘_E‘(Vn +va3)d, e = ' B.
3

3 _—21‘-12 —2#12

E,, vy, i, are technical constants.
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By means of formulas (10)—(16) and (30)—(32) we can now establish:
A= = P(1+101)* = 1-(1+w])? =1+ +01)? =(1+p?)?,

A B
a,/ik — /1_40'”‘ — 1+ 23 —4 ;
I+p%) (B _A)

under Q = —(n+4) (eqn (12)):
2 232 1 A B
ey = ey =(1+p?) E(l+v)<3 —A>’

under Q = —(n+2) (eqn (13)):

, 1 A B
e,-k=e,.,(=}—5(1+v)(B ——A)'

In the orthotropic case we may calculate by analogy with the isotropic case. It is important
to understand that we calculate the component ¢’* by means of the formula

1
33 _ . 22
€ —“ET(V113+V23)U/ s
3

where E7, v}, are the technical constants after the conformal change of the metric. So, we
“lift” the solution from R? to the Enepper surface. These calculations are correct for other
minimal surfaces. For example : catenoid : Weierstrass representation (C— {0} , dw/2w?, w) ;
conformal multiplier 4?

(1+p%)*
4p*

Richmond surface: (C—{0}, w*dw, 1/w?); p*(1+p~*? Partial Scherk surface:

(1 —u* —v* +60°u?)* + (o +40°w)*)(1 +p*)°.

Note that catenoid and helicoid are locally isometric.
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